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UNITAL BIMODULES OVER THE SIMPLE JORDAN
SUPERALGEBRA D(t)

CONSUELO MARTINEZ AND EFIM ZELMANOV

ABSTRACT. We classify indecomposable finite dimensional bimodules over Jor-
dan superalgebras D(t), t # —1,0,1.

1. INTRODUCTION

Throughout this paper all algebras are considered over a ground field & of char-
acteristic zero. A (linear) Jordan algebra is a vector space J with a binary bilinear
operation (z,y) — zy satisfying the following identities:

ry = yz,
2 .2
(@y)z = 2" (yx).

Respectively a Jordan superalgebra is a Z/2Z-graded algebra J = Jj + Ji satis-
fying the graded identities

zy = (=1)FWlye,
((xy)2)t + (_1)IyHZI+IyHt\+|2Ht\ ((xt)z)y + (_1)\wl\yIHwI\Z\HwIItIHzIItI (yt)2)zx
= (ay) (=) + (=1 @2) (gt) + (=)D (@) (y2),

In [K2] (see also I. L. Kantor [Kall [Ka2]), V. Kac classified simple finite dimen-
sional Jordan superalgebras over an algebraically closed field of zero characteristic.
This classification included the 1-parametric family of 4-dimensional superalgebras
Dy, which corresponds to the 1-parametric family of 17-dimensional Lie superalge-
bras via the Tits-Kantor-Koecher construction,

Dy = (ke + kes) + (kx + ky),
with the products

1 1
ef =e;, eea=0, exr= 53:, ey = §y, Ty = ey + tea, 1=1,2.
The superalgebra Dy is simple if t # 0. For ¢ = 0 the superalgebra Dy is a unital
hull of the 3-dimensional nonunital Kaplansky superalgebra K3, Dy = K3+ k1. In
the case t = —1, the superalgebra D_; is isomorphic to the Jordan superalgebra

M 1(k)* of 2 x 2 matrices.
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A Jordan bimodule V over a Jordan (super)algebra J is a vector space with
operations V x J — V| J x V — V such that the split null extension V + J is a
Jordan (super)algebra (see [I1]).

We denote a Jordan triple product by {z,y, 2z} = (zy)z+z(yz) — (—1)1*!Wly(22).

Let e be the identity of J and let V = {e,V,e} + {1 —¢,V,e} + {1 —e,V,1 — ¢}
be the Peirce decomposition. Then {e, V, e} is a unital bimodule over J, that is, e
is an identity of {e,V,e} + J. The component {1 — e, V, e} is a one-sided module,
that is, {J,{1 — e,V e}, J} = (0).

Finally, {1 —e,V,1 — e} is a bimodule with zero multiplication.

One-sided finite dimensional bimodules over D; were classified in [MZ]. In this
paper we classify finite dimensional unital bimodules, thus finishing the classifi-
cation of finite dimensional bimodules over D;. Bimodules over semisimple finite

dimensional Jordan algebras have been completely classified by N. Jacobson (see
L11], [13]).

2. IRREDUCIBLE MODULES

For a set X let V(X)) denote the free D;-bimodule on the set of free generators X
(see |J1]). Consider the linear operator R(a) : V(X) — V(X),v —» v-a, v € V(X),
acJ.

The algebra M (J) generated by all operators R(a), a € J, is called the universal
multiplicative enveloping algebra of J (see [J1]).

Assume that ¢ # —1 and consider the following elements of M (D,):

2 9 =2 9 =2
= R P = m RGP H = 2 (R@RG) + RG)RE)).
It is easy to see that [F, H| = 2F, [E,H| = —2E, [E,F|=H, kE+ kF + kH ~

Slg(k)

Note that *H = —x, yH = y.
Definition 2.1. For o € {0,1}, i € {0,1,1}, A € k, a Verma module V(o,i,\) is
defined as a unital D;-bimodule presented by one generator v of parity o and the
relations vR(e1) = v, vR(y) =0, vH = lv.
Remark. V(o,i,\)? =V (1 —0,i,\).
Lemma 2.1. For an arbitrary A € k, V (o, 1,X) # (0).

Proof. Let (k,+) be the additive group of the field k. We will denote elements of
(k,+) as ut, p € k, ufu’ = . Consider the group algebra A = k(k,+) =
{3, wiui; pi, v; € k} and the derivation D : u# — put~1 of A.
Let R=(A,D) =", AD", aD — Da = D(a), a € A, be the Weyl algebra.
Consider the following 2 x 2 matrices over R:

S S D B )

/(10 (00
“e=1o0 0)>%2"\o 1)

1

It is easy to see that 3(zy — yz) = (0

0
4 |» 80 €1, 62,2,y span a superalgebra

which is isomorphic to D;.
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. 0 ut
Consider the odd element v = 20
It is straightforward to verify that vH = Av. This implies that V (1,3, ) # (0).

39
Consequently, the module V(0, 3, ) # (0). Lemma 2.1 is proved.

). Thenv-eizév and vy —yv = 0.

Lemma 2.2. V(0,1,A) = (0) unless A = TQI
Proof. Let U(z,y)=R(z)R(y)— R(y)R(x)— R([z,y]). Clearly, vU(z,y)=—{z,v,y}
€ {ez2,V,ea}. Hence, vU(x,y)R(e1) = 0. We have
vU(z,y)R(e1) = v(R(z)R(y) — R(y)R(z) — R(e1 + tez)) R(e1)
= v(R(z)R(y) + R(y)R(z) — R(e1 + tez))R(e1)
= o~ H — R{er + te2) R{en)
:_t—;l/\v_v_ (x\ﬂ+1) =0,
which implies v = 0 unless A = —5 +1 Lemma 2.2 is proved.

Lemma 2.3. V(0,0,\) =0 unless A = ;Tzf

Proof. Arguing as above we get
vU(z,y)R(e2) = v(R(x)R(y) — R(y)R(x) — R(er + tez)) R(e2)
t+1 t+1

= ’U(—TH R(ey +tea))R(ea) = (——)\ —t)v =0,

which implies v = 0 unless A = Lemma 2.3 is proved.

t+1

To establish that V (o, 1, — t+1) # (0), V(o,0, —ti—tl) # (0) we need to recall
some facts about one-sided bimodules (see [MZ]).

A Jordan bimodule V over a Jordan (super)algebra J is said to be one-sided if
{J,V,J} = (0). If J is special with a universal associative enveloping algebra U(J)
(see [J1]), then a one-sided bimodule V' can be viewed as a right U(J)-module. For
a€J,veV wehave v-a = %va, where the left-hand side is the bimodule action,
whereas the right-hand side is the right module action by a € U(J). Similarly, we
can make V a left module over U(J) via 3av =a - v.

The tensor product V ® V' is an associative bimodule over U(J) : a(v ® w)b =
av @wb; a,be J; v,weV.

Consider the elements e = m:ﬁ, f= —%Hy2, h = —ﬁ(my + yzx) in
U(D;). We have [e, f] = h, [f,h] =2f , [e,h] = —2e.

In [MZ] the following one-sided Verma bimodules over D; were introduced [}

The right module V; (t) over U(Dy) is presented by one even generator v and the
relations ve; = v, vy? =0, vh = (711_;2’5)1).

The right module V5(t) over U(Dy) is presented by one even generator v and the
relations ve; = v, vy = 0, vh = fﬁtv.

The tensor square Va(t) ® Va(t) is a bimodule over U(D;), hence a Jordan bi-
module over D; via

1 4 "
(U’ ® ’U”) ca = 5(U/ ®v"a+ (_1)|a|(\u [+|v \)av/ ® UN).

LOur notation differs from [MZ]. For example, we assume that %(xy —yx) = e1 +tez in U(Dy).
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‘We have

(v@v)-e1=vQv, (WRV) - y=0, (VRV)H =— (v®v).

t+1
We proved

Lemma 2.4. V(o,1, —t_%l) # (0).

Now consider the tensor square Vi (t) ® Vi(t) and the element vy ® vy. We have
(vy®vy)-e1 =0, (VYRVY)-ea = vyRuy, (VyRuy)-y =0, (vyRVy)H = —ti—tlvy@wy.
We proved

Lemma 2.5. V (0,0, —1%) # (0).

Lemma 2.6. For an arbitrary A € k:
(a) The elements vR(z)?, vR(z)R(e1)R(z)7, j >0, form a basis of V (0o, 1, \).
(b) The elements vR(z)?, j > 0, form a basis of V(o,i,)\), i =0 (and X\ = f—ﬁ)
or 1l (and A = 1;4-21:)

Proof. (a) Let us show that the elements vR(z)’, vR(z)R(e1)R(z)?, j > 0, span
Ve, %, A).

Let v be a highest weight vector in a Verma module V (o, %,)\). Consider an
operator W = R(aq) -+ R(as), where a; =ej or z or y, 1 <i < s.

We will use an induction on s and assume that operators of length < s map v
into a linear combination of suggested elements.

If a1 = ey, then vW = %vR(ag) -+ R(ag). If a1 =y, then vW = 0. Let a1 = z.
If as = y, then

oW = o(R()R) + ROy RE@)R() -+ Rle,) =~ XoR(aa) -+ Rla).

If a; = y, where j > 3, then we use the Jordan identity to move y to the left
modulo shorter operators. Thus we can assume that a; =e; or z, 1 < j <s.

Let j be the minimal index such that a; = e;. We see that j > 2. If j > 3, then
we can again use the Jordan identity to move e; to the left. Hence, either e; does
not occur in W or j = 2. Let W = R(z)R(e1)R(a3) --- R(as). Let j/ > 3 be the
minimal index such that aj; = ey. If j/ = 3, then vR(xz)R(e1)R(e1) = vR(z)R(eq).

If j' = 4, then vR(z)R(e1)R(z)R(e1) = jvR(z)R(e1)R(x). If j/ > 5, then we
again use the Jordan identity to decrease j'. We proved that V (o, %, A) is spanned
by vR(z)?, vR(z)R(e1)R(z)’~!. Now, it remains to prove that these elements are
linearly independent.

We have
VR R() = - ivR(@)? ", i > 1
vR(z)¥ 1 R(y) = —%(/\ — i)JwR(z)%; vR(2)* R(e;) = %UR(;E)%;
vR(x)** 1 R(ey) = vR(z)R(ey) R(x)%;
uR(@)R(en) R@)* Bly) = - T VAT T2 g
+ I R@) R(e) R, i > 1
oR(@)Ren)R(y) = - HNAZD T2,

4 )
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vR(x)R(e1)R(z)* T R(y) = Et+DH(A—-1)+2

4
fﬂo\ — i — 1)vR(z)R(e1)R(z)%;

vR(z)R(e1)R(2)* R(e1) = vR(z)R(er) R(z)*";

UR(x)QiJrl

vR(z)R(e1)R(z) 1 R(e;) = %@R(x)R(el)R(x)%Jrl'

Let us ﬁrst check linear independence under the assumption that A ¢ Zsg, A #
E1, A # 154+ We need to verify that vR(z)R(e1)R(z)" # 0, vR(x)R(e2) R(z)" # 0
for all 4 > 0.

From
oR()R(en) Rly) = — 1)(771_ D2, 2
vR(x)R(ez)R(y) = — (t+ 1)(njl+ n-2 oy

it follows that vR(x)R(e1) # 0, vR(x)R(e2) # 0. Now suppose that
vR(x)R(e1)R(z)" # 0,vR(x)R(ea)R(z)" #0 fori < k.
Let k be even. Then
(t+1)(A—1)+2

vR(z)R(e1)R(z)* 1 R(y) = 1 vR(x)* !
- B () Rien) R
— (w 1;Lt()\ - #))UR(x)R(el)R(x)k
(t+1)(A—1)+2

1 vR(z)R(ez)R(z)* # 0.
The case when k is odd can be treated similarly, and similarly
vR(z)R(es) R(x)* ' R(y ) # 0.
We have proved assertion (a) for A ¢ Zsq, A # L= t+1’ N#£ L t+1

Now consider a vector space V with a basis Vi, © € L>o; V) s J € ZL>o, and define
a Ds-bimodule structure via:

1+¢

v R(x) = vig1;v0R(y) = 0; v, R(y) = 21,1 > 1;

vai 1 R(y) = —¥(>\ — i)ugi; v R(er) = §Ui7U2i+1R(€1) = V115
viR(z) = v} 13051 R(y) = — (4 1)(>\47 D+ 21}21‘ + ! ;r tivlzi,i > 1
vR(y) = - DOZDE2, k)
= 1—2’—t(>‘ —i)vy g + E+ 1)()\4_ D+ 2”21‘717@' > 1
vy R(er) = lvéiévéiHR(@l) = U341

2
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For a fixed ¢ the equalities
w(R(a)R(b)R(c) + (—1)lllPHHIallelt el e) R(b) R(a) + (= 1)1 R((ac)b)
= Rab)R(e) ~ (~1) " R(ae) R(b) — (~1) 109D R(be) R(a)) =0,

where w = v; or v; a,b,c =z or y or e; amount to a bunch of at most quadratic

equalities involving A. Since all these equalities hold for all A ¢ Zx>q, A ;‘r—i,

A F# ﬁ, it follows that these equalities hold for all A. Hence for all A, Vis a
Jordan bimodule over D; with a highest weight element vy and the highest weight
A. This implies assertion (a) of the lemma.

Now consider the bimodules V (0,4, A), ¢ = 0 or 1. Arguing as above we can prove
that V (o, i, \) is spanned by vR(z)?, i > 0. To show that the elements vR(z)" are all
nonzero, we can use the embedding of V (o, 4, A) into the tensor product of one-sided
Verma modules as in the proofs of Lemmas 2.4 and 2.5. Lemma 2.6 is proved.

Corollary 2.1. Every nonzero Verma bimodule V(o,i,\) contains a largest proper
sub-bimodule M (o,i,\). Hence there exists a unique irreducible D;-bimodule
Irr(o,i,\) = V(o,i,\)/M(0,i,\) generated by an element of the highest weight
A

Lemma 2.7. FEvery finite dimensional irreducible Dy-bimodule is isomorphic to
Irr(o,i,\) for some o,i, A.

Proof. Let V be a finite dimensional irreducible D;-bimodule. Then V is a module
over the Lie algebra sly(k) = kE + kF + kH. From the representation theory of
sla(k) (see [J2]) it follows that the action of H on V' is diagonalizable, V =3V,
is the sum of eigenspaces. Choose an eigenvalue A such that V) # (0), Vyy1 = (0).

Let 0£v € Vy,,0=00r i Consider a Peirce decomposition, v = vg + v1 +uL.
Clearly v; € V), i =0 or 1 or 3, and therefore v;y = 0. If v; # 0, then v; generates
the bimodule V', which 1mphes V ~ Irr(o,i,A). Lemma 2.7 is proved.

Lemma 2.8. Suppose that V(o,i,A) # (0). If dim Irr(o,i, ) < oo, then A € Zx>g.
Ifi =0 or 1 and X\ € Z>g, then dimlrr(o,i,\) < co. Fort # £1 the bimodule
V(o,1,0) is infinite dimensional and irreducible.
Proof. From the representation theory of sla(k) it follows that dim Irr(o,i,\)
< oo implies A € Z>o.

Let m € Z>p, i =0or 1, or m € Zsg, i = % Let us show that vR(z)?>m*!
generates a proper sub-bimodule V' of V(o,i,m). We have

vR(x)*" 1 R(y) = vR(x)*" (R(x)R(y) + R(y)R(x)) — vR(2)*" R(y)R(x);

vR(z)*™ (R(x)R(y) + R(y)R(x)) = vR(x)Qm(f¥H )
= f%(m —2m)vR(z)*™ = ml ;r th(x)2m
[R@), R(y)] = 3 R(x);
2m ey 2 m—j—1 2 23 1+t 2m—1
vR(z)*™ R(y ;0 vR(x) JR(z)%, R(y)|R(x)¥ =m S vR()*

This proves that vR(z)*™ 1 R(y) = 0.
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If i = 0 or 1, then vR(z)*™*! belongs to the 1-Peirce component. By Lemma
2.6 the sub-bimodule V' is spanned by
vR(x)*™ T R(x)?, vR(z)*"  R(z)R(e1)R(x)?, j>0.

Since all these elements belong to eigenvalues < —(m + 1) with respect to H, we
conclude that v ¢ V.

Let i = 3. The element vR(z)?*" "' R(e1)R(y) belongs to the i-Peirce com-

ponent and vR(z)*"T'R(e;)R(y)R(y) = 0. By Lemma 2.6, the sub-bimodule
V/ generated by vR(z)*" 1 R(e1)R(y) is spanned by vR(z)*" "1 R(e1)R(y)R(z)’,
vR(x)*"  R(e1) R(y) R(z)R(e1) R(z)’, j > 0.
Similarly, the sub-bimodule V4 generated by vR(z)?>™ " R(e2) R(y) is spanned by
vR(z)?" M R(e2) R(y)R(z)7, vR(z)*™ 1 R(ea) R(y) R(z)R(e1) R(x)7, j > 0.
The element vR(z)?*™ 1 R(e1) lies in the 1-Peirce component and
vR(x)*" T R(e;)R(y) = 0mod V7.
By Lemma 2.6 the sub-bimodule generated by vR(z)?*"*!R(e;) is spanned by
vR(z)?* R(e1)R(x)?, 5 > 0, mod V.
The sub-bimodule generated by vR(z)?™ 1 R(ey) is spanned by
vR(x)*™ T R(ey)R(x)?,j > 0, mod V.
Finally, we conclude that V' is spanned by
vR(x)*" ' R(er) R(y)R(x)’,
vR(x)*™ T R(ex)R(z)R(e1)R(x)?,
vR(2)*" M R(ep)R(x)?, >0, k=1or?2.
If m > 1, then all the elements above have weights < m. Hence V' is proper.
It is easy to see that the bimodule W (c,i,m) = V(o,i,m)/V’ is finite dimen-

sional. It remains to show that the Verma bimodule V (o, %, 0) is infinite dimensional
and irreducible.

We have
vR(2)R(y) = v(R@)R(y) + Ry)R()) = - J; Lomr =0,
vR(z)R(e1)R(y) = v(—R([z,y] - e1) + R(z - e1)R(y) — R(y - e1) R(x)
FR([z ) Blen) =
R(x)R(es)R(y) = > - L.

The Verma module over the Lie algebra sly(k) with maximal eigenvalue —1 is
irreducible and infinite dimensional (see [J2]).

If t # 1, then vR(x) # 0 and vR(z)R(e1) # 0. Similarly, vR(x)R(ez) # 0.

Both elements belong to the eigenvalue —1 with respect to H and

vR(2)R(y)* = vR(z)R(e1)R(y)* = 0.

Hence z;io kvR(x)?I+L Z(;io kvR(x)R(e1)R(x)%, E;io kvR(z)R(e2)R(z)%
are infinite dimensional irreducible sls(k)-modules. In particular, the module V' is
infinite dimensional.

Let V' be a proper nonzero sub-bimodule of V = V(o

) Then avR(z)" +
BoR(x)R(e1)R(z)"~1 € V' for some h > 1; o, 8 € k; (v, B)

3,0).
(0,0).
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Applying R(zx) if necessary, we will assume that h is odd. Then
vR(z)R(e1)R(z)" " 1R(ez) = 0

and therefore avR(z)R(ez) R(x)"~1 € V.

Suppose that a # 0. Then Y72, kvR(x)R(e2)R(z)% C V', vR(x)R(ez) € V'
and, finally, vR(z)R(e2)R(y) = 1;tv € V', a contradiction.

Hence o = 0, hence vR(x)R(e1)R(z)"~! € V'. Arguing as above we get
Z(;io kvR(z)R(e1)R(x)% C V', vR(z)R(e1) € V', vR(z)R(e1)R(y) = Flw.
Lemma, 2.8 is proved.

Remark. In the same way we can prove that if V(o,4,A) # (0) and Irr(c,i,\) is
infinite dimensional, then V (o, 4, A) is irreducible.

Remark. For t = 1, Z;‘;O kvR(z)’ + Z;io kvR(x)R(e1)R(x)? is a proper sub-
bimodule of V (o, %, 0). Hence, dim Irr(o, %, 0)=1.

Theorem 2.1. If ¢ # —1 is not of the type — "5, m > 0; —mT”, m > 1; or 1,
then the only unital finite dimensional irreducible Dy-bimodules are

1
(%) Irr(o,g,m), m > 1.

If t = 1, then add the one-dimensional bimodules Irr(o, %,O)
series ().

)
Il
o
-
-
S
o
>
a

Ift = —"E2 m > 1, then add the bimodules V(o,1,m), o = 0,1 to (x).
Ift = =25, m >0, then add the bimodules V(c,0,m), 0 =0,1 to (x).

Let m € Zsg. As in the proof of Lemma 2.8, let V/ denote the sub-bimodule of
V(o,i,m) generated by vR(z)*™*1. We proved that the quotient module W (o, 1, m)
= V(o,i,m)/V’ is finite dimensional
Lemma 2.9. W(o,i,m) is the largest finite dimensional homomorphic image of
V(o,i,m).

Proof. Let V be a sub-bimodule of V(c,i,m) such that dimV(o,i,m)N/V < o0.
From the representation theory of slo(k) it follows that vR(z)2(™m+1) € V. )

Now vR(x)Q(Z”“)R(y) = (m+ 1)oR(x)?™ . Hence vR(z)*™*! € V and

therefore V' C V. Lemma 2.9 is proved.

Lemma 2.10. Let V' be a unital Dy-bimodule, t # 0, 1.

(a) If V5 = (0), then V = (0).

(b) Let R be the subalgebra of End(V) generated by all multiplications R(a),
a € Dy. Clearly, R = R + R1, ViR; C Vi If Vj is an irreducible module over
Ry, then V is an irreducible Dy-bimodule.
Proof. (a) If V5 = (0), then V =V; and Vo =0 = Vy.

Since t # 0, then e; and ey play a symmetric role and we can assume that
V= {el,V, 62} orV = {617‘/761}'

If V ={ey,V, ey}, then for an arbitrary v € V we have

v(R(z)R(e1)R(y) — R(y)R(e1)R(x) + R([z, yle1) — R(ze1)R(y)
+R(ye1)R(z) — R([z,y])R(e1)) = 0.

Hence ve; — (v(eg + tea))er = 0, that is, %’U — %(1 + t)v = 0. This implies that
%v =0 and then v = 0 since ¢ # 1.
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If V={e,V,e1} and v € V, then
v(R(z)R(y)R(e1) — R(e2) R(y)R(x) + R([zez,y]) — R(ze2) R(y)
+R(ye2) R(x) — R([z, y])R(ez)) = 0.

Then v(3(e1 + tea)) — (v(er + tez))es = $v = 0, that is, v = 0.

(b) Let V' be a nonzero Di-sub-bimodule of V. By (a) V5 # (0). Since Vj is
a module over Ry, it follows that Vj = V5. Now (V/V')5 = (0). By (a) V = V',
Lemma 2.10 is proved.

Let m > 1, W = W(1,%,m). We have

t+DH(m—-1)+2

vR(z)R(e1)R(y) = — . .
vR(z)R(e2)R(y) = — (t+ 1)(TZ+ 1) — 21).
If t # —ml ¢ # —2=L then vR(z)R(e1) # 0, vR(z)R(ez) # 0 in W. In

this case, the even part Wy is a direct sum of two sla(k)-modules generated by
vR(z)R(e1), vR(z)R(e2). Both elements belong to the eigenvalue m—1 with respect
to H, hence dimWg = 2m.

Let & = — 22 Then (uR(z)? + vR(x)R(e1) R(x))R(y)? = 0.

In this case Wi is a direct sum of two irreducible sl(k)-modules generated
by the elements v and £vR(z)? + vR(x)R(e1)R(x) respectively. Hence dimWy =
(m+1)4+ (m—1) =2m.

It is easy to see that in this case the module W is irreducible,

W = Irr(1, %,m).

If t = -2 then vR(z)R(e1)R(y) = 0. We remark though that the element
vR(x)R(e1) is not equal to zero in W. Indeed, it follows from Lemma 2.6(a) that
vR(z)R(e1) # 0 in V (o, 3,m). Now it remains to notice that all eigenvalues of the
operator H that occur in V' are smaller than m — 1.

Hence the element vR(z)R(e1) generates a proper sub-bimodule W’ of W. The
even part W{ is the irreducible sly(k)-module, hence W’ is irreducible, W' =~
Irr(0,1,m —1).

The even part of the quotient W/W” is an irreducible sls(k)-module of dimension
m. Hence W/W is irreducible, W/W’ ~ Irr(1,1,m). The odd part (W/W’); is
also an irreducible sly(k)-module generated by v, hence dim(W/W') =m + 1.

Ift= —z—jri, then

0— Irr(0,0,m —1) — W — Irr(1, %,m) —0

is an exact sequence and as above dimIrr(1, %, m) =2m + 1.
For t = —mT”, m > 1, we have W (1,1, m) ~ Irr(1,1,m); both the even and the
odd parts are irreducible sla(k)-modules of dimensions m and m + 1 respectively.
Fort = — %5, m > 0, W(1,0,m) ~ Irr(1,0,m) and Irr(1,0,m)g, Irr(1,0,m);
are again irreducible sl (k)-modules of dimensions m and m + 1 respectively.

Corollary 2.2. The only finite dimensional irreducible bimodules of the (nonunital)

Kaplansky superalgebra K3 are Irr(o, %,m), m > 1, and Irr(o,0,0). We have

dimIrr(o, %,m) =d4dm if m > 2, dimlrr(o, %, 1) =3, dimIrr(c,0,0) = 1.
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Proof. The unital hull of K3 is D;, where t = 0. Every bimodule over K3 has a
structure of a unital bimodule over the unital hull of K3. Now it remains to apply
Theorem 2.1.

3. INDECOMPOSABLE MODULES

Lemma 3.1. Let W C {e;,Vg,e;}, @ =1 or 2, be a module over slz(k) = kE +
kF+kH. Then the Dy-sub-bimodule of V' generated by W is W = W 4+ WU (z,y)+
WR(z) + WR(y).

Proof. 1t is straightforward that W, WU (z,y), W R(x) + W R(y) belong to 1, 0, %—
Peirce components respectively. Hence we need only to verify that WR(.I), WR(y)
lie in W.

We have
R()R(y) = 5(U(z,y) — 3 H ~ Rles + tes);
R)R() = 5(~Ulz,y) — 3 H + Rles + tea);

Ulz,y)R(z) = (R(z)R(y) — R(y)R(z) — R(er + teg)) R(x) = R(x) R(y) R(x)
~R(y)R(x)* — R(e1 + tez) R(z) = (R(x)R(y) + R(y)R(z))R(x)
—2R(2)*R(y) — 2R(yR(x)?) — R(e; + tes) R(x)

- —#HR(:U) —(t+ DER(y) + (t + )R() — R(er + tes)R(x),

which implies that WU (z,y)R(z) C w.
Similarly, WU (z,y)R(y) € W. Lemma 3.1 is proved.

The operator U(z,y) commutes with E, F, H. Let W C {e1,Vj,e1} be an ir-
reducible sly(k)-module. Then the restriction of U(z,y) to W is an isomorphism
W — WU (x,y), WU(z,y) C {ea, Vg, €2}, or a zero mapping. By Schur’s Lemma
U(x,y)IQW = aldw, a € k.

Let v be a highest weight vector of W, vR(y)? = 0, vH = mv, m € Z>o.

Lemma 3.2. If WU(z,y)? # (0), then W is an irreducible D;-bimodule.

Proof. We showed above that W + WU (x,y) is a direct sum of two isomorphic
irreducible sla(k)-modules. Let W’ be a nonzero Rg-submodule of W + WU (z,y),
wy + waU(x,y) € W, wy,ws € W. Clearly, w; = (w; + waU(z,y))R(e1) € W/,
waU(z,y) = (w1+weU(z,y))R(e2) € W'. Ifwy # 0, then W C W' and WU (x,y) C
W' hence W' = W + WU (z,y) # 0. If woU(z,y) # 0, then 0 # woU(z,y)? € W’
and we argue as above.

We proved that W + WU (z,y) is an irreducible Rg-module. By Lemma 2.10(b)
the bimodule W is irreducible. Lemma 3.2 is proved.

Similarly, if W C {es, V5, €2} is an irreducible siz(k)-module and WU (z,y)? #
(0), then W is an irreducible D;-bimodule.

Lemma 3.3. If W C {e1,Vj,e1} is an irreducible sla(k)-module of highest weight
m and WU (z,y)? = (0), then t = — = or — 2 'm € 7.

m+ m
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Proof. Let w € W be a vector of maximal weight, wF = 0, wH = mw. Hence
— : _1
w(R(x) - R(y)) = —amw, with a = %ﬁ
Then

WUz, ) = w@R(@)R() — R() - R(y) — Rler + tes)) (R(x).R(y)
— 2R(y)R(z) — R(e1 + tez))
= w(2R(x)R(y) + am — 1)(—am — 2R(zy)R(x) — t)
= —dowR(y)R(x) — 2(am — 1wR(y)R(z)
—2(am + t)wR(z)R(y) — (am + t)(am — 1)w
= (am+t)(am+ 1w

So wU(z,y)* = 0, implies that am +t = 0 or am +1 = 0, that is, t = — 25 or
t=—mt2
m
Definition 3.1. An element v of a unital D;-bimodule is said to be a highest
weight element if vR(y) = 0, vH = Av for some A € k and v lies in some Peirce
component with respect to ey, es.

Lemma 3.4. An arbitrary finite dimensional unital D¢-bimodule, t # 0,1, is gen-
erated by its highest weight elements.

Proof. Let V be a nonzero unital D;-bimodule, t # 0,1. Let V be a sub-bimodule
generated by all highest weight elements of V. Let W C {ey,V5,e1} be an ir-
reducible sla(k)-submodule with a highest weight element v, that is, vH = mu,
m € Z>o, vR(y)> = 0, v generates W.

If WU(x,y)? # (0), then by Lemma 3.2 the bimodule W = W + WU (z,y) +
WR(z) + WR(y) is irreducible, hence W C V.

Suppose that WU (x,y)? = (0) and therefore ¢t = —g ort= m+2

Let v’ = vU(z,y). Then v'H = mv’, v'R(y)? = 0 and v'U(z,y) = O We have
v'R(y) € V. Now,

14t 1, 1+1¢

1
v R(y)R(z) = Ev'(—U(x, y) — TH + R(ey +teg)) = 2( 5 m+t)v'.
The element v’ lies in V unless — 1+tm+t = 0, which is equivalent to t = —_™

2
The latter contradicts our assumption that t = —(":t2)*! We proved that v’ € V.
The element vR(y) also lies in V. We have

1 1+1¢ 1, 1+t
vR(y)R(x) = iv(—U(x,y) - TH + R(e1 +tes)) = 2( —5— m+ 1)v
mod V. ~
Hence v € V unless —1+tm + 1 = 0, which is equivalent to t = —mT_Q #*
—(m£2)+L Hence v € V.

We proved that {e1, V5, e;} C V. Similarly, {eq, V3, e2} QNV The even part of
the bimodule {e1, Vg, e1} + {e2, Vg, e2} + {e1, Vi, e2} lies in V. By Lemma 2.10(a)
{e1,Vi,e2} C V. Passing to opposites, we get

{e1,Vi,e1} + {e2, Vi, ea} + {e1, Vg, e2} C V.

Hence V = V. Lemma 3.4 is proved.
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Theorem 3.1. Suppose that t is not of the type _ml-i-Q’ — m 2.0, 1, m € Zsg.
Then every finite dimensional unital bimodule V' over Dy is completely reducible.

Proof. An arbitrary finite dimensional highest weight bimodule over D; is a homo-
morphic image of some bimodule W (o, 2, m), which was shown to be irreducible.
Hence V is a sum of irreducible sub-bimodules. Theorem 3.1 is proved.

Theorem 3.2. Ift = =" ort = —ﬁ—ﬂ, m > 2, then W(o,1,m), 0 = 0
or 1, are the only finite dimensional indecomposible D;-bimodules, which are not

irreducible.

Proof. Let t = *%’ m > 2. We have proved that

5om) — (0)
is an exact sequence. Let us show that W(1, 2,m) is not isomorphic to
Irr(0,1,m — 1) @ Irr(1,4,m). Indeed, in both bimodules the eigenspaces that
correspond to the eigenvalue m are one-dimensional. However, in W (1, 2, m) this
eigenspace is not killed by R(z )R(el) whereas in Irr(0,1,m — 1) & Irr(1, 3, m) it
is killed by R(z)R(e1). Hence W (1, 3, m) is indecomposable. Similarly, W (0, 5, m)
is indecomposable.

Now let V' be an indecomposable D;-bimodule. By Lemma 3.4 V is a sum of
highest weight bimodules, V' = Zf 1 Vi We showed above that all these bimodules

V; are either irreducible or isomorphic to W (o, 2 ,m).

If at least one bimodule, say Vj, is irreducible, then either V = (Zf;ol)vg @ Vs,
which contradicts indecomposability of V or V = Zf;ll Vi.

Suppose therefore that all summands are of the types W(0, 3,
Let Vi W (0,4,m), 1 <i<k; V;=W(l,5,m), k+1<i<s.

The sub-bimodule Zizl‘/g contains only irreducible sub-bimodules of type
Irr(1,1,m—1), whereas the sub-bimodule }77_, ., V; contains only irreducible sub-
bimodules of type Irr(0,1,m —1). The bimodules Irr(1,1,m —1), Irr(0,1,m —1)
are not isomorphic

Hence V = (Zl Vi) & (3i_s41 Vi) is a direct sum, a contradiction.

Now suppose that all summands V; are of the type W(1, 2,m). Let v; € V1
be a highest weight element of the bimodule V;. If V, N Zlel Vi # (0), then
vsR(x)R(e1) € Y521 Vi, vsR(x)R(e1) = 327, ayviR(x)R(e1), oy € k. We have
(vs = 32721 i) R(x) R(er) = 0.

Hence either vy — foll a;v; = 0 or the sub-bimodule V! generated by vs —

1,m). Hence either V. = S5V, or V =

1
(0) — Irr(0,1,m — 1) — W(1, §,m) — Irr(1

52a

Lom), W(1, é, m).

iz 11a ;v; 1s isomorphic to Irr(1,
(T v)e V.

We proved that V' ~ W(1, %,m). The case of t = —z—ﬂ, m > 2 is treated
similarly. Theorem 3.2 is proved.
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